The semi-exponential basis set of radial functions (A.M. Frolov, Physics Letters A 374, 2361 (2010 ) is used for variational computations of bound states in three-electron atomic systems.
I. INTRODUCTION
In this study we perform variational calculations of bound states in three-electron atomic systems. An advanced basis set of semi-exponential radial functions [2] is extensively used in our calculations. The main goal is to solve the non-relativistic Schrödinger equation HΨ = EΨ, where E < 0 and bound state wave function Ψ has the unit norm. The general non-relativistic Hamiltonian H of the three-electron atomic problem is (see, e.g., [1] ) ions and various positron containing atomic systems (e.g., HPs) can be performed absolutely analogously (for more detail, see [2] ) and, therefore, these systems will not be considered here.
The problem of highly accurate calculations of the bound states in three-electron atomic systems has attracted a very significant attention. First calculations of the Li atom with the truly correlated wave functions were performed in 1936 [3] . A brief reviews of such calculations can be found in [4] (earlier works) and [5] (references up to 1997 are mentioned). The current bibliography on this subject includes almost one thousand references and rapidly increases. At this moment the classical Hylleraas method (see, e.g., [5] ) is only the method used to construct highly accurate wave functions for bound states in three-electron atomic systems. In this method to produce the highly accurate wave functions, e.g., for the ground (doublet) 1 2 S-state in the Li atom one needs to use many thousands Hylleraas basis functions. The use of extremely large basis sets is very inconvenient in many actual cases, since it produces a number of computational problems. It is clear that the Hylleraas method cannot be used to construct compact and accurate variational wave functions for three-electron systems. Indeed, it contains essentially no control parameters which can be optimized by increasing the overall efficiency of the method.
An alternative approach to variational bound state calculations in three-electron atomic systems was proposed in [2] . This approach is based on the use of semi-exponential variational wave functions [2] and it allows one to construct very compact and accurate variational wave functions in arbitrary three-electron atomic system. Each of the semi-exponential basis functions depend upon all six interparticle coordinates r 12 , r 13 , . . . , r 34 [2] . A very high efficiency of this new approach in actual applications and its superiority over the classical Hylleraas expansion was demonstrated in [2] . As follows from the results of this study the semi-exponential basis set has a substantially greater potential for highly accurate variational computations of bound states in three-electron atomic systems than it was anticipated earlier [2] .
II. VARIATIONAL WAVE FUNCTION
The variational wave function of the doublet S(L = 0)−states of the three-electron Li atom is written in the following general form
where ψ L=0 (A; {r ij }) and φ L=0 (B; {r ij }) are the two independent spatial parts (= radial parts) of the total wave function. Each of these two radial functions is, in fact, a radial factor (for states with L = 0) in front of the corresponding three-electron spin functions χ 1 = αβα − βαα and χ 2 = 2ααβ − βαα − αβα. Here the notations α and β are the oneelectron spin-up and spin-down functions, respectively (see, e.g., [6] In our earlier work [2] we have introduced an advanced set of radial basis functions for three-electron atomic calculations. In [2] this set was called the semi-exponential basis set.
In general, the semi-exponential variational expansion of the radial function ψ L=0 (A; {r ij })
is written in the form
where
. . , N) are the varied non-linear parameters. The presence of the varied non-linear parameters in Eq. (3) is the main and very important difference with the traditional Hylleraas variational expansion (see, e.g., [7] ) for which in Eq. (3) we always
Note that all matrix elements of the Hamiltonian, Eq. (1), and overlap matrix needed in computations with the use of the semi-exponential basis, Eq. (3), contain the same three-electron integrals which arise for the usual Hylleraas expansion (for more detail, see [2] ). In other words, numerical calculation of all matrix elements with our semi-exponential functions is no more difficult problem, than for the traditional Hylleraas radial functions. This also simplifies numerical computation of the bound state properties (i.e. expectation values) in the semi-exponential basis set.
Our algorithms used in calculations of all required matrix elements is based on the Perkins formula for three-electron integrals [8] in relative coordinates. Note also that all calculations in this work have been performed with the use of standard quadruple precision accuracy (30 decimal digits per computer word).
In actual atomic systems any many-electron wave function must be completely antisymmetric upon all electron variables, i.e. upon all electron spatial and spin variables. For three-electron atomic wave function this requirement is written in the form
, where Ψ is given by Eq. (2) andÂ e is the three-particle (= electron) antisymmetrizerÂ e =ê −P 12 −P 13 −P 23 +P 123 +P 132 . Hereê is the identity permutation, whileP ij is the permutation of the i-th and j-th particles. Analogously, the operatorP ijk is the permutation of the i-th, j-th and k-th particles. In actual computations antisymmetrization of the total wave function is reduced to the proper antisymmetrization of corresponding matrix elements (for more detail, see, e.g., [2] ). Each of these matrix ele-ments is written in the form Ψ |Ô | Ψ , whereÔ is an arbitrary spin-independent quantum operator which is truly symmetric upon all interparticle permutations. The wave function Ψ, Eq.(2), contains the two different radial parts ψ and φ. By performing the integration over all spin coordinates from here one finds the four spatial projectors P ψψ , P ψφ = P φψ and P φφ presented in [2] . In fact, the explicit form of the P ψφ and P φψ projectors given in [2] must be corrected (there is an obvious misprint in the formulas given in [2] )
For an arbitrary truly symmetric spin-independent operatorÔ each of these four projectors produces matrix elements Ψ |Ô | Ψ of the correct permutation symmetry (for doublet states) between all three electrons. The explicit formulas for all matrix elements obtained with the radial basis functions, Eq. (3), and for three-electron integrals needed in calculations can be found in [2] .
III. CALCULATIONS
Let us apply the semi-exponential variational expansion, Eq. The results (in atomic units) obtained with these two trial wave functions can be found in Table I. Tables II and III contain the corresponding radial basis functions, Eq.(3), i.e. the
and optimized non-linear parameters α k , β k , γ k . As follows from In [7] Larsson proposed a simple (but useful!) trick which allows one to increase the overall accuracy of the trial (doublet) wave function. Later this trick was called 'doubling'
of the wave function and it was used practically in all calculations of the bound doublet states in three-electron atomic systems. The idea of doubling is simple and transparent.
If we already know the radial function constructed for one spin configuration, e.g., for Table I . It is clear that the non-linear parameters (or parameters in the exponents in Eq. (3)) from the second part of the total wave function are not optimal, i.e. for all terms which contain basis functions with numbers i ≥ 41 the non-linear parameters are not optimal. These 120 (= 40 ×3) non-linear parameters can be re-optimized and this drastically improves the overall quality of the total wave function. For instance, approximate one-step re-optimization of the last 40 non-linear parameters in the wave function gives the ground state energy -7.47805456511 a.u., which is much better than the 'doubling' energy from Table I .
As follows from , but slightly different exponents in Eq.(3). In reality, these new exponents have been chosen quasi-randomly from three different intervals, e.g., Larsson's wave function [7] . The variational total energy obtained in [7] with that wave function was -7.47801035965 a.u. Our 60-term trial wave function with one spin function χ 1 constructed in [2] corresponds to the substantially lower total energy -7.478057561 a.u.
After publication of [2] we have started re-optimization of the non-linear parameters in our 60-term trial wave function. The current total energy is -7.47805637319 a.u. (only one spin function χ 1 is used in our calculations). This energy is above the value from [2] . However, our current total energy rapidly decreases with almost constant rate ≈ 2.5 · 10 −7 a.u. per cycle,
i.e. per one variation of all 180 (= 60 × 3) non-linear parameters in the trial wave function.
We expect that after an infinite number of variations of the non-linear parameters the total energy of the ∞ Li atom obtained with our 60-term radial function and one spin function will converge to the value -7.4780603(3) a.u. which is very close to the actual ground state energy. It will be an outstanding result to obtain the value lower than -7.4780602 a.u. for the total energy of the ground 1 2 S−state in the ∞ Li atom by using only 60-term variational wave function.
IV. CONCLUSION
The semi-exponential variational expansion [2] is applied for bound state calculations of three-electron atomic systems. It is shown that this variational expansion allows one to construct very compact and accurate variational wave functions for three-electron atomic systems. Currently, the use of semi-exponential radial basis functions is the only way to produce compact and accurate wave functions for three-electron atomic systems. The total energies obtained in this study for the ground 1 2 S-state of the ∞ Li atom (see Table I ) are more accurate than our earlier results from [2] and substantially more accurate than the original Larsson's wave function [7] with the same number of terms. It indicates clearly that our semi-exponential variational expansion, Eq. (3), has a substantially greater potential for variational bound state calculations in three-electron atomic systems than we have anticipated originally [2] . Currently, we continue the process of numerical optimization of the non-linear parameters in our trial wave functions constructed with the use of semiexponential variational expansion. Note that the choice of Larsson's wave function(s) as the first approximation to the semi-exponential variational expansion is not crucial for our method. Many other (different) choices are also possible.
The semi-exponential variational expansion is also applied for accurate computations of various atomic and quasi-atomic three-electron systems. In particular, we have made numerous improvements in our original computer code [2] . It is clear that the semi-exponential basis can be used to construct variational wave functions in the four-electron atomic problems. In particular, the semi-exponential variational expansion can be used to obtain very compact and accurate wave functions of the ground singlet 1 1 S−state and triplet 2 3 S−states of the Be atom and Be-like ions (for more details, see [9] , [10] and reference therein). It is clear that our method can also be used for rotationally excited states in atomic systems, i.e. 
